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Non-linear instability of Kerr-type Cauchy horizons
Patrick R. Brady and Chris M. Chambers
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(September 26, 2018)
Using the general solution to the Einstein equations on intersecting null surfaces developed by Hayward, we investigate the non-
linear instability of the Cauchy horizon inside a realistic black hole. Making a minimal assumption about the free gravitational
data allows us to solve the field equations along a null surface crossing the Cauchy Horizon. As in the spherical case, the
results indicate that a diverging influx of gravitational energy, in concert with an outflux across the CH, is responsible for the
singularity. The spacetime is asymptotically Petrov type N, the same algebraic type as a gravitational shock wave. Implications
for the continuation of spacetime through the singularity are briefly discussed.
PACS: 97.60Lf, 04.70-s, 04.20Dw
I. INTRODUCTION
What are the generic features of gravitational collapse?
We do not, as yet, have a complete answer to this ques-
tion, however most relativists are confident that gravita-
tional collapse leads to the formation of black holes (at
least within the astrophysical context). Furthermore it is
plausible that the external field of such a black hole set-
tles down to a member of the Kerr-Newman family, since
these are the unique stationary solutions of the electrovac
Einstein equations (see for example [1]). Externally, devi-
ations from these solutions are expected to die away with
an inverse power-law in advanced time leaving only the
mass, charge and angular momentum observable. A ques-
tion which one might hope to answer is whether such a
property continues to hold inside the black hole – that is,
does the internal geometry also approach Kerr-Newman
form? It seems not [6]- [8].
The known exact black-hole solutions possess Cauchy
horizons – null hypersurfaces which are the boundary
of the future domain of dependence for Cauchy data
of the collapse problem. These horizons exhibit highly
pathological behaviour; small time-dependent perturba-
tions originating outside the black hole undergo an in-
finite gravitational blueshift as they evolve towards the
Cauchy horizon (CH). This blueshift of infalling radia-
tion gave the first indications that these solutions, which
so well describe the exterior geometry at late times, may
not describe the generic internal structure. Penrose [2]
pointed this out more than twenty five years ago, and
since then linear perturbations have been analysed in de-
tail [3]. These observations led to the conjecture that a
scalar curvature singularity would form either at or before
the CH once back-reaction was accounted for.
Poisson and Israel [6], generalizing work of Hiscock [5],
have shown that a scalar curvature singularity forms
along the CH of a charged, spherical black hole in a
simplified model. This singularity is characterised by
the exponential divergence of the mass function with ad-
vanced time. The key ingredient producing this tremen-
dous growth of curvature is the blueshifted radiation flux
along the CH, although it is also necessary that some
transverse energy flux be present. In [6] it was argued
that the physics underlying the analysis was sufficiently
general that similar results should hold for generic col-
lapse (i.e. upon relaxation of the assumption of spher-
ical symmetry). Further calculations support the con-
jecture that the singularity inside a generic black hole is
null [8,10].
The aim of this paper is to present a detailed analy-
sis of the CH inside a non-spherical black hole by taking
advantage of the recent result due to Hayward [11]. He
showed how to obtain the general solution of the Einstein
equations on a pair of intersecting null surfaces. We begin
by recasting the results of Poisson and Israel [6] in a sug-
gestive form which more closely resembles the approach
taken to the general problem. Our purpose in section II
is to stress the main points which must be taken as as-
sumptions in the later calculations. We also feel that
the analysis highlights the non-linear nature of the effect
and the merely precipitous role played by the outflux in
this model [6]. With this preliminary review of the mass-
inflation phenomenon out of the way, section III begins
the analysis of the CH singularity inside a realistic black
hole. The assumptions which we make about the na-
ture of the CH are discussed, and following Hayward [11]
we formally integrate the first order Einstein equations
of appendix A. Using these results we can show that
the divergences which arise are integrable, and obtain
the leading behaviour of all quantities of interest near to
the CH. The asymptotic expressions for the Weyl scalars
show that the spacetime is Petrov-type N near the CH,
the same algebraic type as a gravitational shock wave.
These results (which are also suggested by the previous
work [10]) once again raise questions about the classical
continuation of spacetime through the singularity.
The equations and curvatures are relegated to the ap-
pendices in an effort to maintain the clarity of the pre-
sentation. Appendix A gives a summary of the notation
and lists the dual null Einstein field equations in their
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first order form, as derived by Hayward [11]. Appendix B
lists the components of the Riemann tensor necessary to
analyse the algebraic type of the spacetime.
II. SPHERICAL BLACK HOLE INTERIORS
In this section we review the mass-inflation phe-
nomenon in the context of charged, spherical black holes
as studied by Poisson and Israel [6]. The presenta-
tion differs slightly from that in the literature [6,7] and
closely parallels the method used later to discuss the non-
spherical problem. In this way the limitations of the later
analysis, and of the approximations used should be more
apparent.
The physics behind mass-inflation is relatively simple.
The CH inside a Reissner-Nordstro¨m black hole is a null
hypersurface corresponding to infinite external advanced
time. Time-dependent perturbations which originate in
the external universe are gravitationally blueshifted as
they propagate inwards near to the CH. Thus a charged
black hole which deviates only slightly from Reissner-
Nordstro¨m in the exterior is expected to have a barrier
of radiation, with an exponentially diverging energy den-
sity, streaming along parallel to the CH. Generically some
of this ingoing radiation scatters off the gravitational po-
tential inside the black hole, leading to a flux of energy
crossing the CH [12]. It is the non-linear gravitational in-
teraction of these two fluxes of radiation which generates
a divergence of the local mass function. It is important to
realise that the gravitational blueshift of time-dependent
perturbations is the key ingredient producing this mass-
inflation.
The Poisson-Israel model
It is convenient to use null coordinates on the “radial”
two spaces so that the spherical line element is
ds2 = −2e−λdudv + r2(dx2 + sin2 xdy2) , (2.1)
where λ = λ(u, v), r = r(u, v) and the coordinates are
such that u is a retarded time and v an advanced time.
The stress-energy tensor for a radial electromagnetic field
is
Eµ
ν = q2/8πr4 diag(−1,−1, 1, 1) , (2.2)
where q is the electric charge on the black hole. Pois-
son and Israel used crossflowing null dust to model the
perturbations of the geometry, arguing that the large
blueshift near to the Cauchy horizon should make the
Isaacson [13] effective stress energy desciption valid for
the ingoing radiation. They also pointed out that the
nature of the outflux is not important, its only purpose
is to initiate the contraction of the Cauchy horizon. The
stress-energy tensor is therefore
Tµν = ρinlµlν + ρoutnµnν , (2.3)
where lµ = −∂µv and nµ = −∂µu are radial null vec-
tors pointing inwards and outwards respectively, and, ρin
and ρout represent the energy densities of the inward and
outward fluxes. Each term in Eq. (2.3) is independently
conserved so that
ρin =
Lin(v)
4πr2
, ρout =
Lout(u)
4πr2
. (2.4)
The functions Lin(v) and Lout(u) are determined by the
boundary conditions, however, it is important to note
that they have no direct operational meaning since they
depend on the parametrization of the null coordinates.
The field equations can now be written in a first order
form by defining the extrinsic fields
θ := r−2 (r2),v , (2.5)
θ˜ := r−2 (r2),u , (2.6)
ν := λ,v , (2.7)
ν˜ := λ,u , (2.8)
where a comma denotes partial differentiation. Along S−
there are two evolution equations
(r2 θ),u =
e−λ
r2
(q2 − r2) (2.9)
(θ − 2ν),u = e
−λ
r4
(r2 − 3q2) , (2.10)
and a focussing equation which describes the behaviour
of the null cones with vertices at r = 0:
(r2 θ˜),u + r
2(ν˜ − θ˜/2) θ˜ = −2Lout(u) . (2.11)
The complete set of Einstein equations, including those
which hold on S+, may be obtained from the above equa-
tions (2.9), (2.10) and (2.11) via the symmetry operation
(u; θ˜, ν˜, θ, ν)→ (v; θ, ν, θ˜, ν˜) ,
(2.12)
Lout → Lin.
It is convenient to imagine that the inflow (outflow) is
turned on at some advanced (retarded) time v = v0 (u =
u0). In the pure inflow regime the spacetime is described
by a charged Vaidya solution
ds2 = dw(2dr − fdw) + r2(dx2 + sin2 xdy2), (2.13)
where f is given by
f = 1− 2m(w)
r
+
q2
r2
, (2.14)
and w is the standard external advanced time coordi-
nate. In particular it is infinite both on future null in-
finity and the CH. The only non-zero component of the
stress-energy tensor is
2
Tww =
1
4πr2
dm
dw
. (2.15)
In the outflow region the solution is of the same form
with advanced replaced by retarded time. The structure
of the spacetime is shown in Fig. 1.
r =
 ∞
S
S
+
CH          v = 0
S
}f = 0,  r = ro
u 0
v0
EH
FIG. 1. A spacetime diagram showing the spherical Pois-
son-Israel model. The influx (outflux) of lightlike dust is
turned on at advanced (retarded) time v0 (u0). The surface
S− coincides with the Cauchy horizon, CH. S+ is parallel to
the event horizon, EH, and intersects the Cauchy horizon at
S, on which f = 0 and r = ro.
The solution
As mentioned above our treatment differs from that in
the literature [6,7]. We consider the solution to the Ein-
stein equations only on the two intersecting null surfaces
S− and S+. By choosing S− to coincide with the CH
we can show that a scalar curvature singularity must be
present on the CH in the cross-flow region.
We first integrate the equations on the CH. This is
readily achieved by making an appropriate choice of the
retarded time coordinate u, in (2.1), such that ν˜ = θ˜/2
along S−. Then (2.8), (2.11) and (2.6) can be integrated,
in that order, to give
eλ− = r− , (2.16)
θ˜− =
(
r2o θ˜
o − 2
∫ u
0
du˜ Lout(u˜)
)
/r2
−
, (2.17)
r2
−
= r2o + r
2
o θ˜
o u− 2
∫ u
0
duˆ
∫ uˆ
0
du˜ Lout(u˜) . (2.18)
The (sub-) super-script (−) is used to indicate that these
equalities hold only on S−, while an (o) indicates the
value of the function on the two-sphere S = S− ∩ S+.
Of the remaining two equations we only need (2.9) which
gives
r2
−
θ− = r2o θ
o +
∫ u
0
du˜
(
q2
r˜3
− 1
r˜
)
. (2.19)
Eq. (2.10) could be integrated in the same way.
The same construction works on S+ (we will use this
as our primary tool in the non-spherical case) however it
is more convenient to work with the exact solution (2.13)
to determine θ˜0, θ0 and r0 here.
Assumptions
The two essential features of this model will be adopted
in the non-spherical case with only slight modification.
We wish to emphasise them at this point.
The first assumption is that there should exist a sta-
tionary portion of the CH in the spacetime. This is
achieved by turning on the outflux at some retarded time
(u0) inside the event horizon of the black hole (see Fig.
1), thus set
Lout(u) = βH(u− u0) , (2.20)
where β is a constant, and H(u) is a Heaviside step func-
tion. This is probably the most contentious issue in the
Poisson-Israel [6] and subsequent analyses [8]. It presup-
poses that the CH begins at finite radius, and essentially
assumes that the singularity at the CH will be null. Some
arguments have been advanced to suggest that this issue
is important [14], however no convincing evidence has
emerged to refute its correctness. Indeed preliminary nu-
merical results [15] support this assumption, in contrast
to the claim in [16].
The second assumption pertains to the influx of radi-
ation; it is taken to decay with an inverse power law of
advanced time. This was initially based on an extrapola-
tion of results due to Price [9] to the event horizon of the
black hole. Recently it has been verified numerically [17].
This decay is correctly reproduced by the ansatz
m(w) = mo − αro
(p− 1)(κow)
−(p−1) , (2.21)
where κo is the surface gravity of the inner horizon, α
is a dimensionless constant which depends on the lumi-
nosity of the collapsed star, and p ≥ 12 is an integer
(the numerical value derives from Price’s analysis which
shows that the radiative tail of the collapse decays as
an inverse power p ≥ 4l + 4 of advanced time, where
l is the multipole order of the perturbation). Both lin-
ear [3,4] and non-linear [8] perturbation analyses suggest
that this inverse power-law decay of perturbations is also
correct near the CH inside the black hole.
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Mass inflation
Along S+ the radius obeys the first order equation
dr
dw
=
1
2
(
1− 2m(w)
r
+
q2
r2
)
(2.22)
where m(w) is given by (2.21). We are interested in cal-
culating
θ+ = 2r−1+
dr+
dw
dw
dv
(2.23)
where v is the coordinate which appears in (2.1) chosen
so that λ = ln r along S+. It is a straightforward matter
to calculate dw/dv provided one notes that Eqs. (2.5)-
(2.11) are form invariant under functional rescalings of
the coordinates u and v. Therefore r also satisfies
d2
dw2
(r2) +
d
dw
(
ln
[
dw
dv
])
d
dw
(r2) = −2dm
dw
(2.24)
on S+ in view of (2.12) and (2.11). Solving (2.22) for r,
(2.24) can be integrated to get
v ≃ −e−κow(1 + . . .) (2.25)
as w →∞. Thus
r+ ≃ ro + α(− ln |v|)
−p+1
(p− 1)κo
{
1 + (p− 1)(− ln |v|)−1 + . . .}
(2.26)
and
θ+ ≃ 2α(− ln |v|)
−p
roκo v
{
1 + p(− ln |v|)−1 + . . .} (2.27)
as v → 0. This result means that, while the radius of
the two-sphere S is finite, θo is actually infinite (in these
coordinates).
Using the invariant definition of the mass in a spherical
geometry
1− 2m(x
α)
r
+
q2
r2
:= gαβr,αr,β = −r
2eλθθ˜
2
(2.28)
we know that θ+θ˜+ → 0 as v → 0, which means that
θ˜o = 0. Substituting (2.20) into (2.17) and using θ˜o = 0
r2
−
θ˜− = −2(u− u0)βH(u − u0) . (2.29)
The radius of the CH is then
r2
−
= r2o − (u− u0)2βH(u− u0) , (2.30)
and finally θ− is given by (2.19). The square of the Weyl
curvature on the CH is
C− = CαβγδCαβγδ
∣∣
S−
= 12
(
1
r2
−
− q
2
r4
−
+
r−
2
θ−θ˜−
)2
,
(2.31)
from which we can immediately see the reason for the
Cauchy horizon singularity. The product θ−θ˜− = 0 at S
(see Fig. 1) and hence C− is finite, however, if β is non-
zero C− jumps to infinity at u = u0 when the outflux
is turned on [see Eq. (2.9)]. Furthermore Eq. (2.30)
shows that the radius remains finite for some amount of
retarded time, so it must be the mass function which
becomes infinite at u = u0.
This analysis emphasises that the nature of the out-
flux is largely irrelevant, it simply serves to initiate the
contraction of the CH. It is this contraction which is at
the root of mass-inflation [6].
III. NON-SPHERICAL BLACK HOLES
Charged spherical black holes have served as a useful
model in which to investigate the non-linear instability of
the CH inside a black hole, however, the question needs
to be addressed in the more realistic non-spherical con-
text. Here one expects that a black hole settles down
to a member of the Kerr-Newman family at late times.
(Our analysis focuses on such a situation when there is
no electromagnetic field.)
The Kerr solution can be written as
ds2=−∆
ρ2
(dw−adφ sin2 θ)2 + sin
2 θ
ρ2
([r2 + a2]dφ−adw)2
+2dr(dw−adφ sin2 θ) + ρ2dθ2 (3.1)
where ∆ = r2 − 2mr + a2, ρ2 = r2 + a2 cos2 θ and w
is standard advanced time. The CH, located at r =
m − √m2 − a2 and w = ∞, is a stationary null hyper-
surface – its lightlike generators have zero rate of expan-
sion. Moreover, these generators are shear free since Ray-
chaudhuri’s equation implies that shear produces con-
traction. This is not a generic situation; a linear per-
turbation analysis shows that there is usually a flux of
backscattered radiation crossing the CH, along with the
blueshifted influx parallel to it [4]. Based on this obser-
vation and using the spherical case as a guide, we will
show that the CH is the locus of a scalar curvature sin-
gularity. The leading divergence may be associated with
propagating modes of the gravitational field, manifesting
itself in the form of a diverging Weyl curvature of Petrov
type-N.
Formalism
We employ the dual null formalism of Hayward [11]
which is based on a 2+2 null decomposition of space-
time [18]. In terms of coordinates u and v which label
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the intersecting null hypersurfaces that foliate the space-
time, the line element can be written as
ds2 = −2e−λdudv + (sasa)du2 + 2sadxadu+ habdxadxb
(3.2)
where the lower-case latin indices range over {1, 2}.
There remains freedom to rescale u and v, and to trans-
form the coordinates xa so that sa vanishes on a chosen
v = constant surface, we take this to be the CH located at
v = 0 (see Fig. 2). hab is the 2-metric, s
a a shift 2-vector
and λ a scaling function on S(u, v), the spatial 2-surface
which is the intersection of the null surfaces labelled by u
and v. The 2-metric can be decomposed into a conformal
factor Ω and a conformal 2-metric kab so that
Ω =
√
h , kab = Ω
−1hab . (3.3)
Thus kab has unit determinant. Each of the quantities
defined here depend on all four variables u, v, xa.
The vacuum Einstein equations (A7)-(A23) are written
in a first order form in terms of the fields
θ = Ω−1LlΩ, θ˜ = Ω−1LnΩ (3.4)
σab = ΩLlkab, σ˜ab = ΩLnkab (3.5)
ν = Llλ, ν˜ = Lnλ (3.6)
ωa =
1
2
eλΩkab Llsb , (3.7)
where L indicates the Lie derivative, and
l =
∂
∂v
n =
∂
∂u
− sa ∂
∂xa
(3.8)
are null vectors. The notation and the equations are
given in appendix A, more detail may be found in Hay-
ward [11].
Our aim is to calculate the Weyl curvature scalars on
the intersecting null hypersurfaces S+ and S− by making
an ansatz for the free gravitational data (kab) on these
surfaces. S− is taken to coincide with the CH at v = 0,
while S+ is an outgoing null hypersurface, parallel to the
event horizon, crossing S− near to P in Fig. 2. The choice
of the data is motivated by our understanding of the
spherical situation and by the non-linear perturbation
analysis of Ori [8].
Assumptions
The focussing equation on S+ is [Eq. (A7)]
∂θ
∂v
= −1
2
θ2 − νθ − 1
4
σabσ
ab . (3.9)
Hayward noticed that making use of coordinate freedom
on S+ (rescaling v), this equation may be linearised.
Thus choosing v such that
ν+ = −1
2
θ+ (3.10)
it is possible to obtain the solution to the Einstein equa-
tions on S+. Each of the equations (A7)-(A15) can be
integrated (in the order they appear) provided one knows
kab on this hypersurface, since
σ+abσ
ab
+ = (k
ab
+ ∂vk
+
bc)(k
cd
+ ∂vk
+
da) . (3.11)
We cannot evolve generic initial data from the event
horizon of a non-spherical, rotating black hole so we make
an ansatz for this conformal 2-metric. It is inferred from
the work of Ori [8] that the conformal metric may be
written as
k+ab = k
o
ab(x
a) +K+ab(ln |v|, xa) (3.12)
where det(koab) = 1 and asymptotically
K+ab ≃ Fab(xc)(− ln |v|)−n + . . . . (3.13)
as v → 0. The functions Fab(xc) are well behaved for
all xa, and n is an integer. (The value implied by Ori’s
work is n ≥ 6.) This form is based on the observation
that non-linear metric perturbations decay according to
an inverse power-law of advanced time [8], and the expec-
tation that Hayward’s coordinate is related to external
advanced time by
v ≃ −e−κow(1 + . . .) (3.14)
as v → 0 (or w → ∞). While this cannot be proven to
hold, it seems reasonable as long as the surface S+ does
not encounter a caustic (Ω = 0) at or before the CH –
this condition is satisfied a postiori implying, at least, a
self-consistent treatment.
As in the spherical analysis, we give no detail of the
gravitational data on S− save to point out that the grav-
itational energy flux crossing the CH should not diverge.
In fact, on physical grounds, it is expected that any radi-
ation from the star will be exponentially redshifted near
P in Fig. 2. Furthemore once the incoming radiation gets
scattered by the gravitational potential inside the black
hole, it should only produce a slow contraction of the
CH [12]
To summarise, we assume that a portion of the CH ex-
ists which is caustic free near to P in Fig. 2. Furthermore,
the gravitational perturbations propagating into the hole
decay according to an inverse power law of advanced time
which is related to v by (3.14).
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=
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EH
P
FIG. 2. A schematic representation of the generic black
hole interior. The null surface S− coincides with the Cauchy
horizon, CH. The other null surface S+ is at u = 0 and inter-
sects the Cauchy horizon at S before a caustic forms. Initial
values of the fields are specified on the intersection between
the hypersurface v = v0 and S
+. Also indicated is the ingoing
gravitational wave tail, and its scattered component
Solution on S+
With this aspect in hand we can proceed to the solu-
tions of Eqs. (A7)-(A14). Integrating (3.9)
θ+ = θo(xa)− 1
4
∫ v
v0
dv˜ σ+abσ
ab
+ (3.15)
A (sub) super-script o indicates the initial value of the
function at v0 in S
+ (see Fig. 2). On this two surface we
expect all the fields to be well behaved, bounded (and in
some cases non-zero) functions of xa.
Based on the assumption (3.12) and (3.13) about k+ab
we can estimate the behaviour of this integral near to the
CH. Firstly note that the inverse of the conformal metric
can be written
kab+ = k
ab
o + ǫ
acǫbdK+cd (3.16)
where ǫbc is the 2-dimensional, antisymmetric matrix
with ǫ12 = 1. The functional form of K+ab implies that
∂vK
+
ab =
1
v
∂K+ab
∂ ln |v| (3.17)
will diverge since
∂K+ab
∂ ln |v| ≃ nFab(− ln |v|)
−n−1 (3.18)
as v → 0. Since σabσab is v−2 times a slowly varying
function (near the CH), θ+ is asymptotically
θ+ ≃ θ0(xa) + n
2kabo k
cd
o FbcFda
4v(− ln |v|)2(n+1) + . . . (3.19)
which diverges at the CH for the same reason that ∂vK
+
ab
does.
It is now straightforward to formally integrate the re-
maining equations, however our main objective is to show
which quantities diverge and which remain bounded at
the CH. Observing that the integral
I =
∫ v
v˜−1(− ln |v˜|)−ndv˜ = 1
n− 1 (− ln |v|)
−n+1 (3.20)
is finite as v → 0 (provided n > 1), it is clear that∫ v
dv˜
(
v˜−1K+ab
)→ 1
n− 1 Fab(− ln |v|)
−n+1 (3.21)
as v → 0, and remains bounded at the CH. Each of the
equations must be treated in turn, examining the diver-
gent part of the source and its integral near the CH. We
quickly see that Ω is bounded at the CH, and so all the
intrinsic quantities on the two dimensional surfaces of fo-
liation remain finite all the way to the CH. To see this,
first integrate (A8) to get
λ+ = λo − 1
2
∫ v
vo
dv˜ θ+ , (3.22)
then substituting in the asymptotic form for θ+ we find∫ v
dv˜ θ+ ≃ n
2
4
kabo k
cd
o FbcFda
∫ v
dv˜ v˜−1(− ln |v˜|)−2(n+1)
≃ n
2
4(2n+ 1)
kabo k
cd
o FbcFda(− ln |v|)−(2n+1) (3.23)
and hence λ+ → constant as v → 0. The gauge choice
(3.10) implies that
Ω+ = Ωoe
−2(λ+−λo) (3.24)
and so Ω and kab are both bounded at the CH. Now
continuing the integration
ω+b = ω
o
be
2(λ+−λo) (3.25)
+ 12e
2λ+
∫ v
v0
dv˜ e−2λ+(△aσ+ab − 32△bθ+ − θ+△bλ+) ,
sb+ = s
b
o + 2
∫ v
v0
dv˜ e−λ+ωb+ (3.26)
and
θ˜+ = θ˜oe
2(λ+−λo) (3.27)
+e2λ+
∫ v
vo
dv˜ e−3λ+
(
− 12 (2)R+ ωa+ω+a − 12△a△aλ+
+ 14△aλ+△aλ+ + ωa+△aλ+ −△aωa+
)
,
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from which it is clear that only finite terms appear in the
equation for θ˜, which therefore cannot diverge on CH.
σ˜+ab ≃ (finite)− 12eλ+h+ac
∫ v
v0
dv˜ e−λ+ θ˜hcdσdb , (3.28)
the shear of the ingoing null rays orthogonal to S(u =
0, v), is also bounded at the CH. Finally
ν˜+ = ν˜o +
∫ v
vo
dv˜
{
1
4σ
+
abσ˜
ab
+ − 12θ+θ˜+ (3.29)
+ e−λ+(− 12 (2)R+ 3ω+a ωa+ − 14△aλ+△aλ+ − ωa+△aλ+)
}
which is finite despite the presence of divergent terms
in the integrand [which look like v−1× inverse powers
of (− ln |v|), see Eq. (3.20)]. This analysis implies that
θ+ and σ+ab diverge inside the black hole, and the diver-
gence is of the same nature as in the spherical model once
σabσ
ab is interpreted as the gravitational energy crossing
S+.
IV. THE CAUCHY HORIZON SINGULARITY
The solution obtained in the previous section can be
used to show that a scalar curvature singularity is present
on the CH due to the blueshifted influx of radiation. On
S− the shift vector sa is set to zero by a coordinate trans-
formation x˜a = x˜a(u, xb) without altering the form of the
metric (3.2). (These coordinates exist provided sa is reg-
ular on S− in the original coordinate system. Eq. (3.26)
suggests that this is true.) It is assumed that this trans-
formation was made in section III; this in no way alters
the previous analysis.
Hayward’s scheme to integrate the equations on S−
can now be completed. Making the gauge choice
ν˜− = − 12 θ˜− , (4.1)
Eq. (A16) implies that
θ˜− = θ˜+
∣∣∣
v=0
− 14
∫ u
0
du˜ (kab
−
∂u˜k
−
bc)(k
cd
−
∂u˜k
−
da) . (4.2)
As mentioned in the introduction θ˜− (and all other quan-
tities) are formally known once k−ab(u, x
c) is specified.
Our analysis assumes that k−ab is a slowly varying function
of u which tends to a non-degenerate value as u→ −∞;
that is, near to P (in Fig. 2) kab should approach the
value obtained on the CH in Kerr spacetime. Further-
more θ˜− → 0 and the spacetime should be asymptotically
Kerr in the limit u → −∞. It is not a generic situation
to have θ˜− = 0 and/or σ˜−ab = 0 on the CH, since some
radiation (both from the star, and from backscattering
of the gravitational wave tail inside the black hole [8,12])
will usually be present. This discussion implies that there
should exist a caustic free portion of the CH near to P
on which our analysis is valid.
The integration now proceeds as it did for S+, and in
particular we arrive at expressions for θ− and σ−ab
θ− = e2λ−
[
e−2λ+θ+
]
v=0
(4.3)
+e2λ−
∫ u
0
du˜ e−3λ
(− 12 (2)R+ ωaωa
− 12△a△aλ + 14△aλ△aλ− ωa△aλ+△aωa
)
and
σ−ab = e
λ
−h−fa
[
e−λ+hfd+ σ
+
db
]
v=0
(4.4)
− 12h−faeλ−
∫ u
0
du˜
(
e−λθhdf σ˜db − 4e−2λhdf
{
ω(d ωb)
− 12△(d△b)λ+ 14△(dλ△b)λ− ω(d△b)λ+△(dωb)
})
− h−abeλ−
∫ u
0
du˜ e−2λ
(
ωcωc − 12△c△cλ+ 14△cλ△cλ
− ωc△cλ+△cωc
)
.
We saw in the previous section how
lim
v→0
{
σ+ab
θ+
}
→∞ , (4.5)
thus θ− and σ−ab are generically unbounded on the CH. Of
the remaining fields, only ν contains divergent quantities.
From Eq. (A23) we see that
ν− ≃
∫ u
0
du˜ (
1
4
σ−abσ˜
ab
−
− 1
2
θ−θ˜−) + . . . , (4.6)
which is actually infinite on CH. Imposing the field equa-
tions on the Weyl scalars one finds that all but Ψ4 contain
divergent quantities, and hence the CH is singular.
It is possible to say a little more about the nature
of the singularity by examining the rate of growth of
the curvature along S+. Once again, imposing the field
equations in Eq. (B11) gives
Ψ+0 =
1
4e
2λmamb {2Llσab + 2νσab − σamhmnσnb}|+ .
(4.7)
Using σ+ab, etc. the asymptotic expression is
Ψ+0 ≃ (finite)×
{
v2(− ln |v|)n+1}−1 (4.8)
as v → 0. This is the contribution from Llσ+ab, which is
damped by the smallest number of powers of (− ln |v|). In
a similar manner the leading behaviour can be extracted
from Ψ1 and Ψ2 giving
Ψ+1 ≃ (finite)×
{
v (− ln |v|)n+1}−1 (4.9)
Ψ+2 ≃ (finite)×
{
v (− ln |v|)n+1}−1 (4.10)
where these leading contributions arise due to the pres-
ence of terms involving the shear (σ+ab) of the surface S
+.
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A little more work shows that Ψ+3 is finite on the CH; no-
tice that eq. (3.26) combined with the choice sa → 0 on
S−, and knowledge that λ+ and ω+a are finite on S
+∩S−
implies that s+a ∼ v as v → 0, hence sm+Σ+mnsn+ → 0 on
S−. Finally Ψ4 is independent of θ
+ and σ+ab and there-
fore is finite. These results imply that the square of the
Weyl tensor is dominated by Ψ0,
CαβγδC
αβγδ ≃ 8 (Ψ0Ψ4 +Ψ0Ψ4) + . . .
≃ (finite)× {v2(− ln |v|)n+1}−1 + . . . (4.11)
as v → 0.
V. DISCUSSION
The treatment of the non-spherical gravitational col-
lapse is generally very difficult, however it seems likely
that the external field settles down to that of a Kerr
black hole. Inside the black hole some progress may also
be made by advancing two assumptions: 1) There exists
a caustic free portion of the CH, which is a null hyper-
surface. 2) There is an ingoing gravitational wave tail
which gets blueshifted by an infinite amount at the CH
(this is achieved here by our ansatz for k+ab). Indeed us-
ing Hayward’s formalism the nature of the CH can be
investigated in some detail.
Following from the analysis in sections III and IV we
conclude that the CH is the locus of a scalar curvature
singularity, and the curvature is an integrable function of
the advanced time. Ori [7,8] has argued that the latter
property of the curvature suggests an extension of the
spacetime through the singularity may be possible. It is
worth commenting a little further on this point. We have
demonstrated the asymptotic values of each of the Weyl
scalars, in particular it has been shown that Ψ0 contains
the leading divergences. The algebraic classification of
the Weyl curvature is obtained by solving the quartic
Ψ0a
4 +Ψ1a
3 +Ψ2a
2 +Ψ3a+Ψ4 = 0 (5.1)
for a and examining the degeneracy of its roots [19].
Based on eqs. (4.8)-(4.10) there is a four-fold degeneracy
as v → 0 implying that the gravitational field is asymp-
totically type N, with repeated principal null direction
k = n + am + a∗m¯ + aa∗l (where a → 0 as v → 0).
It is worth noting that gravitational shock waves are of
this algebraic type (and are the only curvatures which
may be confined to a thin skin without a surface layer
of matter being present [20]); therefore the intuitive pic-
ture of the singularity which emerges is that of a gravi-
tational shock propagating along the CH. These results
might be taken to support arguments for the existence of
a classical continuation of the geometry beyond the CH
singularity. However, this is a highly speculative point
and it should be noticed that the Weyl curvature con-
tains contributions which are not present in an exactly
type N spacetime. Indeed these contributions diverge at
the CH and are manifest in the square of the Weyl ten-
sor (4.11) (which vanishes for a pure gravitational shock).
Thus a classical continuation is unlikely, as pointed out
in [21], since non-classical matter is needed to confine the
divergent curvature to a thin layer along the CH.
To conclude, the hairy singularity inside a generic black
hole is dominated by the propagating gravitational wave
tail of the collapse (which decays in the exterior of the
black hole).
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APPENDIX A: NOTATION
In this appendix we summarise the dual null formalism of Hayward [11]. The reader is referred to his articles for
more technical details. This approach, based on a 2+2 decomposition, assumes that the spacetime can be foliated
locally by compact orientable 2-surfaces S. Therefore given a Lorentzian manifold M (with signature − + ++) we
assume that there exists a smooth embedding φ : S × [0, U) × [0, V ) → M with the induced metric, hab, on S
being spatial. Latin indices range over {1, 2}. In terms of a basis which is Lie-propagated along ∂/∂u and ∂/∂v the
spacetime line element may be written as in Eq. (3.2). The Lie derivative along a vector ξ is denoted Lξ. The natural
covariant derivative of the metric hab is △a, and the Ricci scalar is denoted by (2)R. Tensor valued quantities on the
2-surface S are denoted Xa...b... (sometimes we will include a superscript (2) to emphasise the 2-dimensional covariant
nature). Introducing the null vectors
lµ = (1, 0, 0, 0), nµ = (0, 1,−sa) . (A1)
we define
Σab = Llhab , Σ˜ab = Lnhab . (A2)
To write the Einstein field equations in a first order form Hayward introduces the extrinsic fields:
θ = 12h
abΣab, θ˜ =
1
2h
abΣ˜ab, (A3)
σab = Σab − θhab, σ˜ab = Σ˜ab − θ˜hab, (A4)
ν = Llλ, ν˜ = Lnλ , (A5)
ωa =
1
2e
λhabLlsb . (A6)
These quantities are readily interpreted geometrically; (θ, θ˜) are the expansions in the null directions normal to the
foliation S. The tensors (σab, σ˜ab) are the shears, which are traceless by definition, the vector ωa is the twist. The
two functions (ν, ν˜) are called the inaffinities and measure the non-affine quality of the coordinates u and v. Then
the Einstein equations and contracted Bianchi identities are: the l equations:
Llθ = − 12θ2 − νθ − 14σabσab (A7)
Llλ = ν (A8)
LlΩ = θΩ (A9)
Llkab = Ω−1σab (A10)
Llωa = −θ ωa + 12△bσba + 12△a(ν − θ)− 12θ△aλ (A11)
Llsa = 2e−λωa (A12)
Llθ˜ = −θθ˜ + e−λ(− 12 (2)R+ ωaωa − 12△a△aλ+ 14△aλ△aλ+ ωa△aλ−△aωa) (A13)
Llσ˜ab = σac hcd σ˜db + 12θ σ˜ab − 12 θ˜ σab
+ 2e−λ(ωaωb − 12△(a△b)λ+ 14△(aλ△b)λ+ ω(a△b)λ−△(aωb))
− e−λ hab (ωcωc − 12△c△cλ+ 14△cλ△cλ+ ωc△cλ−△cωc) (A14)
Llν˜ = 14σabσ˜ab − 12θθ˜ + e−λ(− 12 (2)R+ 3ωaωa − 14△aλ△aλ− ωa△aλ) (A15)
and the n equations:
Lnθ˜ = − 12 θ˜2 − ν˜θ˜ − 14 σ˜abσ˜ab (A16)
Lnλ = ν˜ (A17)
LnΩ = θ˜Ω (A18)
Lnkab = Ω−1σ˜ab (A19)
Lnωa = −θ˜ ωa − 12△bσ˜ba − 12△a(ν˜ − θ˜) + 12 θ˜△aλ (A20)
Lnθ = −θθ˜ + e−λ(− 12 (2)R+ ωaωa − 12△a△aλ+ 14△aλ△aλ− ωa△aλ+△aωa) (A21)
Lnσab = σ˜ac hcd σdb + 12 θ˜ σab − 12θ σ˜ab
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+ 2e−λ(ωaωb − 12△(a△b)λ+ 14△(aλ△b)λ− ω(a△b)λ+△(aωb))
− e−λ hab (ωcωc − 12△c△cλ+ 14△cλ△cλ− ωc△cλ+△cωc) (A22)
Lnν = 14σabσ˜ab − 12θθ˜ + e−λ(− 12 (2)R+ 3ωaωa − 14△aλ△aλ+ ωa△aλ) (A23)
APPENDIX B: RIEMANN TENSOR AND WEYL SCALARS
1. Riemann Tensor
Here we list all the components of the Riemann tensor for the metric (3.2):
Rvvuv = −Ll ν˜ − sa△aν + 12eλsaΣabsbν + 2saLl ωa − e−λωa△aλ+ 3e−λωaωa + saΣabωa
+ 12e
λsa (Ll Σab) sb + 12saΣab△bλ− 14e−λ△aλ△aλ− 14eλsaΣabhbcΣcdsd (B1)
Rvvua = − 12△aν + 12eλνsmΣma + 12ωmΣma + Ll ωa + 12eλsmLl Σma − 14eλΣamhmnΣnqsq + 14△mλΣma (B2)
Rvaub =
1
2e
λLl Σab + 12eλνΣab − 14eλΣamhmnΣnb (B3)
Rvvab =
1
2e
λsmΣm[b△a]λ+ eλsm△[aΣb]m − eλsmΣm[aωb] + 2△[aωb] + 12eλΣn[aΣ˜b]mhnm (B4)
Rcabd = −eλsc△[bΣd]a − 12eλscΣa[d△b]λ+ 12eλhcm(Σa[d Σ˜b]m − Σm[d Σ˜b]a)− eλscΣa[dωb] + (2)Rcabd (B5)
Rvacd =
1
2e
λ△[cλΣd]a + eλ△[cΣd]a + eλΣa[dωc] (B6)
Rvavb =
1
2e
λLnΣab + 12eλsm(△mΣab −△bΣam) + 12△a△bλ− 14△aλ△bλ−△bωa
+ 12e
λΣabw
csc +
1
4e
λsc△cλΣab − 14eλΣmbhmnΣ˜na + 12ωa△bλ+ 12ωb△aλ− ωaωb
− 12eλωbsmΣam − 14eλ△bλΣmasm (B7)
Rvvva =
1
2e
λsmLnΣma + Ln ωa + 12eλsm (sn△n)Σma − 12eλΣmahmnΣ˜nqsq + 12△aν˜ + 12 (sm△m)△aλ
− 2sm△aωm − 14eλ△aλ smΣmnsn − 12eλsm (△aΣmn) sn − 14sm△mλ△aλ+ 14eλsmΣma sn△nλ
+ 12s
m△mλωa − 14 Σ˜am△mλ− 12eλ (smΣmnsn)ωa + 14eλsmΣmnhnqΣ˜aq + 12 (smωm)△aλ
+ 12e
λ (snωn) s
mΣma − (smωm)ωa + 12ωmΣ˜ma + sm△mωa (B8)
Ruavb =
1
2e
λΣ˜abν˜ +
1
4e
λsm△mλ Σ˜ab + 12eλLn Σ˜ab + 12eλsm△mΣ˜ab − 14eλ△bλ smΣ˜am − 12eλsm△bΣ˜am
− 12eλ (smwm) Σ˜ab − 14eλΣ˜bmhmnΣ˜an + 12eλsmΣ˜amωb (B9)
Rcavb =
1
2h
cm(△aΣ˜mb −△mΣ˜ab)− hcnsm(2)Rmban − 12eλscLn Σab − 12eλscsm△mΣab − 12sc△b△aλ
+ 14e
λsc△bλ smΣam + 12eλscsm△bΣam + sc△bωa + 14sc△aλ△bλ− 12scωb△aλ+ 14△aλhcmΣ˜mb
+ 12e
λsmΣams
cwb − 1
4
eλsnΣanh
cmΣ˜mb − 12scωa△bλ+ scωaωb − 12hcmΣ˜mbωa
− 12eλωmsm scΣab + 14eλhcmsnΣ˜mnΣab + 12eλΣ˜ab
(
1
2h
cmsnΣmn + e
−λwc − 12e−λ△cλ
)
− 14eλsm△mλΣab + 14eλscΣnbhnmΣ˜ma − 14eλsnΣ˜anhcmΣbm (B10)
2. The Weyl Scalars
We choose a complex-null tetrad {eλl,n,m,m} such that 2m(µmν) = hµν and, l and n are given by (3.8). In this
tetrad the five Newman-Penrose Weyl scalars are in a Ricci flat spacetime
Ψ0 =
1
4e
2λ(2Ll Σab + 2νΣab − ΣamhmnΣbn)mamb (B11)
Ψ1 =
1
4e
λ(−2△aν + 2ωmΣam + 4Ll ωa +△mλΣma)ma (B12)
Ψ2 = − 14 (2eλLn Σab + 2△a△bλ−△aλ△bλ− 4△bωa − eλΣmbhmnΣ˜an + 2ωa△bλ
+ 2ωb△aλ− 4ωaωb + eλ△bλsmΣam + 2eλsmΣamωb)mam¯b (B13)
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Ψ3 =
1
4 (−4Ln ωa − 2△aν˜ + eλsmΣmnsn△aλ+△mλΣ˜ma + 2eλsmΣmnsnωa − 2ωmΣ˜ma)m¯a (B14)
Ψ4 = − 14 (−2Σ˜abν˜ − 2Ln Σ˜ab + Σ˜amhmnΣ˜bn)m¯am¯b (B15)
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